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ABSTRACT

Geometry is a branch of mathematcs concerned with questions
of shapes, size, relative position of figures and properties of
space. Some general concepts that are fundamental to Geome-
try are points, lines, planes, surfaces, angles, curves as well as
topology or metric.

Analytic geometry also referred to as Coordinate geometry or
Cartesian geometry is the study of geometry using coordinate
system. Analytic geometry is a branch of algebra that is used to
model geometric objects such as points, straight lines and circles
being the best basic of these.

In plane analytic geometry, points are defined as ordered pairs of
numbers, say (x,y), while the straight lines are in turn defined
as the set of points that satisfy linear equation.
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Chapter 1
COORDINATE GEOMETRY

Points on a line can be identified with real numbers to form the
Coordinate line. Similarly, points on a plane can be identified
with ordered pairs of numbers to form the Cartesian plane.
For instance, any point P in the coordinate plane can be located
by a unique ordered pair of numbers (a,b). The first number a
is referred to as the xz-coordinate of P and the second number b
is also referred to as the y-coordinate of P.

1.1 Formula for the Distance d(A, B) between
two points A(zy,y:) and B(xs,ys)

Let us consider the right-angled triangle ABC as shown in Fig-
ure 1.1. By using the Pythagoras Theorem', we obtain

d(A, B)? = |AC|? + | BCP?
d(A, B)® = (x2 — x1)" + (1o — 1)

Therefore, the equation for the distance between two points is
A(A, B) = /(22 = 21 + (v — )* (L1)

Example 1.1 Which of the points P(—1,—2) or Q(8,9) is closer
to the point A(3,5)7

2

IThe Pythagoras theorem : 22 = 22 4+ 32 where z is the hypotenuse of a right-angled

triangle.

11
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Ya

Alzy, ) ¢
- |1y — 14| — o Cr9.y1)

€T

Figure 1.1: Hlustration for the derivation of the distance formula.

Solution

By using the distance formula (1.1), we determine the distances

PA and QA such that

d(P,A) = /(3 — (—1)) + (5 — (~2))?
_VPTT

and

Since d(Q, A) < d(P, A) we conclude that Q) is closer to A.

1.2 Midpoint of a line segment from A(z,y)
to B(xs, 1)

Let us consider the Figure 1.2, if M is the midpoint of the line
segment AB, then we have equal distances along the x— coordinate
as follows
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Y

Figure 1.2: Hlustration for the derivation of the midpoint formula.

d(A, P) =d(M, Q).

Therefore, by change of subject, we have
T— T =XTy— X
20 = Ty + 75.
Finally, we obtain
v Ty + T4
2

Also, we have equal distances along the y— coordinate as follows

d(P,M) =d(Q,M).

Therefore, by change of subject, we have

Y= =Y —Y
2y = Y2+ 1
Finally, we obtain
_Ytwn
5
The mid-point formula for a line segment is thus given by
M(%;%)?ﬁ;%) (1.2)

Example 1.2 Show that the equilateral with vertices P(1,2),Q(4,4), R(5,9)
and S(2,7) is a parallelogram by proving that its two diagonals
bisect each other.
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Solution

If the two diagonals have the same midpoint, then they must
bisect each other as shown in Figure 1.2. Therefore, using the

y

s _—

Figure 1.3: Illustration of the parallelogram PQRS.

midpoint formula (1.2), we find the midpoint of the diagonal PR

as
145 2+9) 311
2 7 2 R Y

and the midpoint of the diagonal QS is given as

244 7T+4) 311
2 7 9 S \T 2 )

Since the coordinates of PR = .S, it implies the two diagonals
bisect each other.

1.3 Gradient of a Line

We consider a triangle ABC with coordinates A(xz1, 1), B(xa, y2)
and C(x3,y3) as shown in Figure 1.4.
The Gradient of the line AB 1is given by AB = 2270
To — X1
Also, since we have a right-angled triangle, by using the trigonometic
identities, the gradient of AB can be written as AB = tan6.
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Ui

Bixa, 1)

[i — ]

Alz, w¥g

Figure 1.4: Hlustration of the Gradient formula

Relationship Between the Gradients of Parallel Lines

Let two lines Ly and Lo have gradients m, and ms, respectively.
If Ly and Ly are parallel then m; = mo, i.e. Parallel lines have
equal gradients.

Relationship Between the Gradients of Perpendicular Lines

If the lines L, and Lo with gradients m, and my are perpendic-

ular, then my *x my = —1 thus my = ——.
my

1.4 Equation of a Line

Consider a line through the point A(xy,y,) with gradient m. Let
B(x,y) be any other point on the line as shown in Figure 1.5.

Y=
m =
r— I
y—1y =m(r —x). (1.3)

Example 1.3 Find the equation of the line through A(1,3) with
gradient 5.



16 CHAPTER 1. COORDINATE GEOMETRY

Biz,y)

Al )

-
T

Figure 1.5: Hlustration of the equation of a line.

Solution

Let x; = 1,3y, = 3, and the gradient m =5, then by using (1.3),
the equation of the line is given by

y—3=>5(z—1)
y=>5r—5+3=>5r—2

Sometimes the equation of the line is expressed in the form y =
mx + ¢, in such situations the gradient m of the line is the
coefficient of x.

1.5 Angles Between Two Lines

Consider the lines Ly and Ly with gradients m; and mo, respec-
tively. Suppose that my; > my > 0.

Observe that there are two distinct angles between Ly and L.
These angles are 6 and (180 — 6).
Also, from the figure abowve,

A =180 — « and ~ A=180— [ —86. (1.4)
From (1) and (2), we obtain,
180 —a =180 —- (3 — 6
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y 4

//

Figure 1.6: Angle between two lines formula.

0 =a—0.
Thus,
tan =tan(a — )
_ tana —tan 8
1+tanatan 3’
Therefore,
my — My
tanf = —— 1.5
an 1+ mimy ( )
Also,

tan 180 — tan 6
tan(180 — 0) = = —tanb
an( ) = T tan 180 tan0 an

. my — My
B 1—|—m1m2 .

Example 1.4 Find the acute angle 6 between the lines y =
2 + 1 and y = 3x + 2.
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Solution

Let my = 3 and my = 2. Then,

t 0 myp — My 3—2 1
an — — = —
1+mm, 1+3(2) 7

6 = tan~'(0.1429) = 8.1325°.

Example 1.5 A point A(1,2) is one vertex of a parallelogram
ABCD. Side AB lies on the line 2y = x + 3 and the diagonal
BD lies on the line 3y + x = 17. If |AD| = |BD|. Find the
coordinate of C. Find also the equation of the perpendicular
bisector of AB.

Solution

.
= 0
.

Figure 1.7: Hlustration of Example 1.5.

Let ZDBA = 0 as illustrated in Figure 1.7. We first find the
coordinates of B and D as follows: From AEAF,

v=0+6
tany =tan(f + )

_ ([ tanf + tan 3
~\1—tanftang
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1
but tanf = 3

Also, from AEBG

B+180 — 0+ 180 — a =180

180 — 0 = o — 3
tan(180 — #) = tan(a — f3)
o —tanf = —1/3-1/2 :_5/6:—1.

1+ (=1/3)(1/2)  5/6

Thus,
1+1/2  3/2
1—(1)(1/2) 1/2

The gradient of AD is 3. Hence, the equation of AD is given by

tany = 3.

y—2=3(x—-1)
y=3x— 1. (1.6)

By simultaneously solving
y=3r—1 and r+ 3y =17,

we obtain y = 5 and x = 2 yielding the point D(2,5). Also, by
solving
20=x+3 and 3y = —x + 17,

simultaneously, we obtain y = 4 and x = 5 yielding the point
B(5,4). Let M be the midpoint of BD and also the midpoint of

AD. Then M is given by M g, g) Next, we find the coordi-

nates of C' as follows. Let C' be (p,q), then,

1 7 2
ﬂ:—:p:& and i:

D=7
2 2 2 2 =1
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Hence, the coordinates of C' is (6,7).
Finally, to find the equation of the perpendicular bisector of
AB, we have to find the midpoint of AB, given by

54+1 442
Midpoint of AB :<%, %) = (3,3).
—1

—— =2
1/2

The gradient of the perpendicular line to AB is m =
Thus, the equation of the perpendicular bisector is

y—3=—2(z—3)
y=—2x+9.

1.6 Division of a line segment in a given ratio

We will discuss about the internal and external division of line
segment. To find the coordinates of the point dividing the line
segment joining two given points in a given ratio.

1.6.1 Internal Division

Consider the line joining A(xy,y1) and B(xy,y). Let R(x,y)
divides AB internally in the ratio n : m, as shown in Figure 1.8.

¥
B(z2,112)

Y2 —U

Y

| 7

Figure 1.8: Illustration of internal division of a line segment.
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Since triangle ARC and RBD are similar, we proceed as fol-
lows

|AC|  n
[RD| m
T—1r N
To—2  m
m(x —xy) = n(zy — )

MmT — mx, = NTy — N
x(m +n) = nxy + may

_nxz—l—mxl
e n+m
Also,
|RC| n
|BD|  m
Yy—4Y% n
92—9_777/
m(y —y) =n(y: — y)

my —miy = nys — Ny
y(m +n) = ny, + my,
_ NYs + My
(T
Thus, the coordinates of the point R s

R<m$1 +ny myr + ny?)

m+n ' m4n

1.6.2 External Division

Suppose the point R divides the line AB externally such that
|AR| : |RB| = —n : m as illustrated in Figure 1.9.
Since triangle ARC' and RBD are similar, we have
IRC|  n

|[RD|  m
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¥
{ // Blza,yz)
/
S
m
/’ Alzy, ) Yz — U
/ 1LY
-n Y-y
/7
ry—x| | Cry,y) Diza,y)
J

Riz,y Ty —T

T

Figure 1.9: Illustration of external division of a line segment.

rK1—

n

To—x  m
n(xy — ) = m(x; — x)
mTr — NT = M| — NIy
x(m —n) = mx, — nw,

mx,y — Nxoy
r=——"
m —n
Also,
[AC] _ n
|IBD|  m
Wy _n
Yo — Y m
m(y —y) = n(y2 — y)

myi —my = nys —ny
my —ny =my, — nys
y(m —n) = my: — nys
my; — nys
m—-n

Thus, the coordinates of the point R is

M| — NTy MYy, — N
R( 1 2) n y2>.

m—n m—n
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Similarly, if R divides the line AB externally such that |AR| :
|RB| =n: —m then,

R —MmTy + NTy —Myy + NY2
—-m+n = —m4+n )

Example 1.6 Find the points dividing the join of A(1,2) and
B(3,1).

a. Internally in the ratio 1 : 2

b. Externally in the ratio —1 : 2

Solution

a. Let (a,b) be the point of internal division. Then

mx; + nNTrs My + NYs
(a,0) = :
m-—+n m-—+n

(20 +13) 22)+1(1)\ (55
- 1+2 7 1+2 “\33)

55
Therefore, the required point is <—, —).

) where n:m=1:2

b. Let (p,q) be the point of external division. Then

mxy —nry My, — Ny
(p,q) = ,
m —n m —n

> where n:m=—1:2

2(1) -1(3) 2(2) —1(1) _
( 2—-1 = 2-1 >(L$'

Thus, the required point is (—1,3).
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1.7 Distance of a Point from a Line

We consider the distance p of P(xy,y1) from the line ax+by+c =
0. The distance d s given by

laxy 4+ by +¢| ) + by + ¢

Proof

Consider the wllustration in Figure 1.10.
A

/P[-f‘l:.fj']}"

-

v

Figure 1.10: Illustration of equation of a point from a line.

Let D denote the point of the perpendicular from P to ax +
by + c = 0. Firstly, we want to find the coordinates of the point
of the perpendicular D. However,

ar +by+c=0

a C

The gradient of ax + by + ¢ 1s —%. Since ax + by +c =0 and
DP are perpendicular, the gradient of
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Thus, the equation of the line segment DP isgiven by

b

Yy—4Yy1 = 5(37_551)-

Now to determine the coordinates of D, we solve

ar +by+c=0
b
Y—U :5(37_951) (1.8)

for x and y. Thus, from (1.8)

b
Yy = g(ﬁL‘—ZUl)—f—yl (1.9)
and from (1.7)
a c

FEquating (1.9) and (1.10) gives,

é(x—x)—l— =4y c
a I A

b n a\ b c
a b)) agj1 4 b
b’ + a? b c
o ab - agj1 4 b
B b c ab
AT Ty e

b*x, — aby; — ac
xr =
a®+ b?

a*y; — abx; — b
a? + b?

Similarly we obtain, y = <. Therefore, the point

D 1is given by
(b%l — aby, — ac a*y; — abx, — bc)

CH 0 24
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Hence,

|PDI =

2 2
b*x, — aby, — ac N a*y, — abx, — bc
a2 + b2 % a + b2

a*z, + b*x, — b*xr, + aby, + ac
@+ b

+

a2 + b?

a*z, + aby, + ac b*y, + abx, + be ’
e (s )
(ax1 + by, + ¢)* + b*(byy + axy + ¢)?
(a2 + b?)?2
~ (azy + byy + ¢)*(a® + 17)
- (a2 —|—b2)2
_ (azy + byr + ¢)?
- a? + b2 '

(a y1 + b*y, — a*y, + abx; + bc)
a’

Therefore, the distance of the line segment |PD| is given by

laxy + by +¢| i(aazl + by, + ¢)

Example 1.7 Find the distance of P(3,2) from the line with
equation 12z + 5y — 11 = 0.

(1.11)

PD| =

Solution

From the equation a =12, b =15 and ¢ = —1. Thus,
laxy 4+ by, +¢|  |12(5) +5(2) =11 35

N 22+5 13

Example 1.8 Find the set P of points which are at a distance
V5 from the line 2z —y — 4 = 0.

Distance(d) =
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Solution

Let (h, k) be an arbitrary point in the set P. Then the distance
of (h,k) to the line 2x —y —4 =0 is

L e RN )

N e NG

+5 = +£(2h — k — 4)

Thus,
2h —k—4=5 and 2h — k—9 =0,

and
2h — k—4= -5 and 2h —k+1=0.

Replacing h and k with x and y respectively gives,
20 —y—9=0 and 20 —y+1=0.
Thus, P consist of the set of points from the lines

20 —y—9=0 and 20 —y+1=0.

1.8 Equations of Bisectors of Angles Between
Two Lines

Consider the lines L, and Ly. Let B, and By denote the bisectors
of the angles between L, and L,. B, and By form the locus of
points equidistant from L, and L,. Also, B, is perpendicular to
B,, as shown i Figure 1.11.

Example 1.9 Find the equation of the lines which bisect the
angles between the lines v +y+2 =0 and x + 7y + 26 = 0.
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Figure 1.11: Tllustration of equation of bisectors of angles between two lines

Solution

Let (z,y) denote any point on any of the bisector. Then (x,y)
1s equidistant from two lines.

lz+y+2| |z Ty + 26]

lz+y+2]  |r+ Ty 26|

V2 V50

V2
T4y+2 = e+ Ty + 26
|z 4y + 2| 5\/5\ Y |

1
z+y+2| = Zlr+Ty+26

1
(r+y+2) = +(z + Ty + 26).

Considering the positive part, we have

1
(:U+y+2):g(:1:+7y+26)

S5r + 5y + 10 =2 + 7y + 26
dr — 2y — 16 = 0.
Finally, the negative part yields

1
(x+y+2):—g(a:+7y+26)
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5r +5y+ 10 = —x — Ty — 26
6x + 12y + 36 = 0.

1.9 Exercises

Students must endeavour to solve all exercises.

1.

Given A(-3,5) and B(5,-10). Find ;

(a) the distance AB

(b) the midpoint P of AB

(c¢) the point Q that divides AB in the ratio 2:5

(d) the point R that divides AB in the ratio 3:1 externally.
(e) the slope of AB

(f) the equation of the line AB

(g9) the equation of the perpendicular bisector of AB

(h) the perpendicular distance from S(2,4) to AB.

Find all the values of r such that the slope of the line through
the points (r,4) and (1,3 — 2r) is less than 5.

Suppose M is the midpoint of AB, where A is (2,3) and B
is (18,20). Also, if P divides AB internally and @ divides
AB externally in the ratio 2:3. Show that |MP| - |MQ| =
|M B|?.

. The equation of two sides of a parallelogram are y — x = 2

and 2x +y = 4. Find the equations of the other sides if
they intersect at the point (0, —4).

Find the gradient of the lines joining the following points;
(CI,) (Cp7 5)7 (C(L a)

(b) (ap*,2ap), (aq*, 2aq).
(c) (acosB, bsin), (acos@,bsin ).
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10.

11.

12.

13.

CHAPTER 1. COORDINATE GEOMETRY

Find the equation of the line with x-intercept 3 and y-
intercept -5.

Find the equation of the line parallel to the z-axis which
passes through the point where the lines 4z + 3y — 6 = 0
and x — 2y — 7 = 0 meet.

Find the equation of the line passes through the point (2,3)
and the point of intersection of the lines 3x 4+ 2y = 2 and
dor 4+ 3y = 1.

Given the line [ with equation ax +by+c = 0 and the point

P('xl) yl)

(a) Show that the line through P parallel to | is given by
ax + by = ary — ay;.

(b) Show that the line through P perpendicular to l is given
by bx — ay = bx, — ay;.

If A(=2,1), B(2,3) and C(—2,—4) are three points;

(a) find the angles between the straight lines AB and BC.
(b) determine whether A, B and C are collinear.

At what angle are the lines ax + by +c =0 and (a — b)x +
(a+b)y+d=0,a>0,b>0,c>0 inclined to each other?

One side of a square lies along the straight line 4x+3y = 26.
The diagonals of the square intersect at the point (—2,3).
Find;

(a) the coordinates of the vertices of the square.

(b) the equation of the sides of the square which are per-
pendicular to the given line.

Find the sum of the x and y intercepts of any tangent line

to the curve \/z + \/§ = Vk
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CIRCLES

A circle is the locus of a point P(x,y) which moves such that
it is at a constant distance from a fixed point. The constant
distance is the radius, r, and the fived point is the centre, ¢, as
shown wn Figure 2.1.

Ya

Figure 2.1: Hlustration of circle with center C' and a point P.

Let P(x,y) be any point on the circle. Then

|ICP|=r
J@—a2+y—br=r
|ICP|? = r?

(x —a)*+ (y —b)*> =1? (2.1)

2+ y° —2ax — 2by = a® + b* —r* = 0.

31
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Let —a=g,—b= f and a* + b* —r* = ¢,
2? +y* + 292 + 2fy +c = 0. (2.2)

Thus given an equation of a circle in the form of (2.2), the
centre is given by (—g, —f) and the radius is

r=va*+0>—-—c=+g*+ f2—c.

2.1 Properties of the equation of a circle

The equation of the circle (2.2) has perculiar properties as fol-
lows;

1. The coefficients of * and y* are equal
2. There 1s no term in xy
3. The degrees of expressions in x and y 1S 2.

Example 2.1 Find the centre and radius of the circle

2?4+ 9? +3x —6y—1=0. (2.3)

Solution

Comparing the equation (2.3) with equation (2.2), we have 2g =

3 and 2f = 6 that yields g = % and f = —3, respectively. Thus,

3
the centre is given by (— 37 3). The radius, r, is given by

3\ 9 9 7
_J@ +<—3>2“:M“0:\/;:§'

2.2 Equation of a circle through the origin

If 22 +y* 4+ 292+ 2fy + ¢ = 0 passes through the origin O(0,0),
then ¢ = 0. Thus the equation of the circle through the origin is
of the form x* + y* + 2gx + 2fy = 0.



2.3. EQUATION OF A CIRCLE ON A GIVEN DIAMETER 33
2.3 Equation of a circle on a given diameter

Let us consider figure 2.2. Suppose P, and P, are the end points

y b

Prix,m)

Figure 2.2: Equation of a circle on a diameter.

of the diameter Py Py. Let P(z,y) be any point on the circle such
that £ PiPP, = 90°. Thus, PP, is perpendicular to PP, and

yields
ymy\(y=\_ _,
r — I r — X9y

(z —z)(r —22) + (y — 1) (y — 42) = 0.

Method 2

Find C, the midpoint of P, Py, we then have the circle with centre
1
C' and radius r =| P,C' |=| CP, |= 3 | PPy |.

Example 2.2 Suppose that A(10,2) and B(3,8) are two points
in the xy plane. Find the equation of the circle on AB as diam-
eter.

Solution

Let P(x,y) be any point on the circle such that ZAPB = 90°.
Thus,AP 1is perpendicular to BP.
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y=2\(y=8)_ _,
r—10)\z-3)

(. —10)(z =3)+ (y —2)(y —8) =0
2® 4+ y® — 132z — 10y + 46 = 0.

Method 2

10+3 248 13
The Muidpoint of AB is ( i + > = (—,5). Thus, the

2 72 2

13
centre of the circle 1s (7, 5). The radius is given by

e (Bs) o Ta= 2

The equation of the circle is
2
85
4

2
13)"
x__
9
2
13\ 85
x__ —_—
2 Y A

2? +y* — 13z — 10y + 46 = 0.

(y—5)°
(y —5)*

2.3.1 Equation of a circle through 3 points
Consider the circle through 3 points Py(x1,y1),P (2, 1) and Py(x3,ys3).

Derivation Steps

1. Assume the equation of the circle is x* +vy*+2gx+2fy+c =
0.
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2. Substitute the coordinates of Py,P, and P3 in turn, in (1) to
obtain 3 equations in g, f and c.

3. Solve the three 3 equations for g, f and c.

4. Wnrite the equation of the circle.
Example 2.3 Find the equation of the circle through the points
(2,1),(0,2) and (1,0).
Solution
Let the equation of the circle be given by

22+t +29r 4+ 2fy+c=0 (2.4)
Substituting (2,1) into (2.4) gives
44+1+4g+2f +c=0

54+49g+2g9+c=0. (2.5)
Also, substituting (0,2) into (2.4) gives
A+4f+c=0 (2.6)
Finally, substituting (1,0) into (2.4) gives
14+29+c=0 (2.7)
(2.6) — (2.5) gives
—1—-49g+2f=0
4g —2f = —1. (2.8)

(2.5) — (2.7) gives

4+29+2f=0
29 +2f = —4 (2.9)

(2.8) + (2.9) gives
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From (2.7), we obtain
5) 2
1—-24c¢=0 thus c=-.
3 +c us ¢ 3

Hence, the required equation s

-5 -7 2
2 24921 — 2 — — =0
x+y+(6>x+<6>y+3
H 7 2
2 2
——xr — = — =0.
T+ 395 3y+3

2.4 Intersection of a circle and a line
Consider the intersection of the line y = mx + ¢; and the circle

2>+ vy? + 297 + 2fy + ¢, = 0. In the proceeding diagrams, we
Wllustrate all the possible cases.

Case 1

There are 2 distinct points of intersection. Geometrically, |CD| <
r as shown in Figure 2.5.

4

D

Figure 2.3: Two (2) distinct points of intersection.
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Case 2

There is one point of intersection. Geometrically, |CD| = r as
shown in Figure 2.4.

y 4

/"——'_'_'_

@
N

Figure 2.4: One point of intersection.

Case 3

There is no point of intersection. Geometrically, |CD| > r as

shown in Figure 2.5.

Figure 2.5: No point of intersection.

Algebraically, let
Yy =mzx+ ¢, (2.10)



38 CHAPTER 2. CIRCLES

and
2* 4+ y* 4+ 292 + 2fy +c= 0. (2.11)

Since the points of intersection lie on both the line and the circle,
they will be given by the solutions of (2.10) and (2.11) considered
as simultaneous equations in x and y. Substituting (2.10) into
(2.11) gives
2>+ (mx +c1)* + 292 + 2f(mx +¢;) + ¢, =0
22 (14+m?) +2z(g+mf +me) + S +2fci +c, =0 (2.12)
The equation (2.12) is a quadratic equation in x and will give
two values for x, and from equation (2.10) the two corresponding
values fory are found. The points of intersection will be repeated
(i.e, the line will be a tangent) if the roots of equation (2.12) are
repeated. The condition for this is
(2(g +mf +mec)?)? =41 +m*)(co + 2fci + ¢)
(2(g +mf +mec)?)? = (1+m?)(ca + 2fcr + ).

Also, the points of intersection wnill be distinct if

(2(g +mf +mecy)?)? > 41 +m*)(cy + 2fc; + ¢),
moreover, there is no point of intersection if

(2(g +mf +mec)?)? <41 +m*)(co + 2fci + ¢).
Example 2.4 Prove that the line y = mx + c is tangent to the
circle x* + y* = 25 if ¢ = 25(1 +m?).

Solution
Substituting y = mx + ¢ into 2 + y* = 25 gives,
2? + (mx +¢)? = 25
2+ m?2® + 2maxc+ & = 25

(1 4+ m?) + 2mex + ¢ — 25 = 0.
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For tangency,
(2me)® — 4(1 +m?*)(c* — 25) =0
4m?c® — 4(c* — 25 + m*c* — 26m*) = 0
—+25+25m? =0
¢ = 25(1 +m?).

2.5 Intersecting Circles

Consider two circle with radit vy and ro, vy > 7o with centres
apart. Then the circles can intersect as follows:

1. Circles touch externally : d =1y + 19

4. Circles do not touch each other : d < ry — 1y
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2.5.1 Circles intersecting at two distinct points

1. d<T1+T2

2. &> =12+l

3. T > Ty

2.5.2 Equation of the common chord

Glwen that

s+t + 29+ 2fy +c=0,
So it + 1yt 4+ 297+ 2fy 4+ ¢ = 0.
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The equation of the common chord is given by

51252 or 81—52:0.

Sl_SQZO
2¢(9g—q1) +2y(f — fi) + (c—c1) =0
ar + by +c = 0.

Finally, we have a =2(g — g1), b=2(f — f1) and c = ¢ — ¢;.

2.6 Exercises

1. A circle has centre (1,2) and radius 5.

(a) Find the perpendicular distance from the centre of the
circle to the line with equation x + 2y — 10 = 0 and
hence show that this line is a tangent to the circle.

(b) Find the perpendicular distance from the centre of the
circle to the line with equation v + 2y — 12 = 0 and
hence show that the line does not meet the circle.

2. For what value of k is the point (k,2k) on the circle with
equation x> +y* =57

3. Is the point (3,5) inside, outside or on the circle with equa-
tion * +y* = 97¢

4. For what value of k will the line with equation x = 6 be
tangent to the circle with equation x* +vy* = k?

5. Find the equation of the circle that passes through the origin
and has intercepts equal to 1 and 2 on the z- and y-axis
respectively.
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6. Find the equation of the tangent at the point (0,2) to the
circle: 2 +1y* —4x +2y =0

7. Find the equation of the circle that passes through the point
(0,6), (0,0) and (8,0).

8. Find the point of intersection of the circle with equation
22+ y? =4 and circle (x — 2)* + (y — 2)* = 4.

9. Find the equation of the circle that has a diameter with end
points (—6,1) and (2,—5).

10. Find the centre and radius of the following circles

(a) 2> +y* + 62 — 10y = 9

(b) x* + y* + 4y =0

(c) —x*—y*+8x =0

(d) (—4—2)*+ (—y+11)*=9
(¢) (5—2)+(y—1)*=4
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The LIMIT OF A FUNCTION

The limit describes what happens to the values of f(z) of the
function as x approaches the number a, as opposed to f(a), which
gives the value of the function when x s equal to a.

We say f(x) has the limit L as x approachs the number a
provided that f(x) becomes and remains close to L as x becomes
close,but not equal to a. This is expressed by writing

lim f(x) = L. (3.1)

r—a

When such a number L ezists, we say that L is the limit of f(x)
as x approaches a, or simply that L is the limit of f at a.

3.1 Evaluating Limits

3.1.1 Limits of polynomial functions

If f 1s a polynomial function and a is a real number, then

lim f(z) = f(a). (3.2)

T—a

Example 3.1 : Evaluate

lim 222 + 1.

r—1

43
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Solution

By using the (3.2), we obtain
lim22% +1=2(1)2 +1=2+1=3
T—

3.1.2 Limits of rational functions

1. If q 1s a rational function and a s in the domain of q, then

lim g(x) = q(a). (3.3)

T—a

2. If q 1s a rational function and a is not in the domain of
q, then simplify the rational function before evaluating the
limat.

Example 3.2 : FEvaluate the following limits.

ot —2r+1
7 lim ——M .
z=3 3 — 2

Solution

Since 3 is not in the domain of the rational function

2_9 1 2_9 1 4
i r+1  (3) 3)+1

=3 3r—2  33)—-2 T
i r? — 16
i lim 1
Solution

Since 4 is not in the domain of the rational function, we will
simplify the rational function

x”—m__hﬁx—®@+4):mmx+®=8-

z—=4 1 — 4 x—4 r — 4 x—4
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3.2 Laws of Limits

If f and g are functions such that lim f(x) and lim,_,, g(x) ex-

Tr—a

1sts, then

. The limit of a sum or difference is equal to the sum of the
limaits.

lim [f(x) + g(x)] = [hm f(x)] + [limg(x)].

Tr—a T—a T—a

1. The limat of a product is equal to the product of the limits.
lim [f(:):)g(x)] = [hm f(x)] [hmg(a:)].

Tr—a T—a T—a

1. The limit of a quotient is equal to the quotient of the limaits.

. [f(:v)] _ lim (@)

~ limg(z)’

Tr—a

T—a

w. The limit of a constant times a function is equal to the con-
stant times the limit of the function.

lim [cf(x)] = clim f(x).

Tr—a T—a

v. The limit of the n-th root of a function is the n—th root of
the limit of a function, where n is a positive integer.

T—a T—a

1/n Yn
lim [f(x)] = llim f(x)] :

3.3 Limits of trigonometric functions

To use trigonometric functions, we must understand how to
measure angles. Although we can use both radians and de-
grees, radians are a more natural measurement because they
are related directly to the unit circle, i.e. a circle with radius 1.
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Figure 3.1: The radian measure of an angle 6 is the arc length s of the
associated arc on the unit circle.

The radian measure of an angle is defined as; Given an angle
0, let s be the length of the corresponding arc on the unit circle
Figure 3.1. We say the angle corresponding to the arc of length
1 has radian measure 1.

The basic trigonometric limit is given by the following theo-
rem

Theorem 3.1 Let x be an angle measured in radians. Then:

lim 22— .
z—=0
FExample 3.3 Evaluate
t
lim
z—=0

Solution

Using trigonometric identities, we have

) sin x ) sinx 1
lim = lim { } { 1

z—=0 T COS T z—0 x COsS X
i 1 1
:Pmﬁmx}hm 1:UJ{ 1:1
=0 g =0 COS T cos 0
sin4x

FExample 3.4 FEvaluate lim :
z—0 x
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Solution

Using Theorem 3.1, we obtain

lim sin 4z _ im481n4x _ Alim sin 4x —4(1) = 4
z—0 T z—0 A4 =0 4y
Example 3.5 Evaluate
COS 3T — COS T
im .
z—0 1'2
Solution
We factor the numerator as follows
3r — 3
cos 3T — cos T = —2sin :1:2 ‘ sin x;— - —2sin x sin 2x.
This yields
cos3xz —cosx .. (—2sinxsin2x) . sinz ., sin2x
lim = lim = —2lim lim
x—0 [,132 z—0 332 z—=0 g x—=0 x
2 sin 2 in 2
— 2.1 0im 22 o g im ot -y
z—0 21 =0 21

3.4 One-Sided Limits

If hm f(x) = L, we say that the limit of f(x) as x approaches a

I—}CL

from the right is L. We also refer to L as the right-hand limit of
f(x) as x approaches a. The symbol v — a*t is used to indicate
that = is restricted to values greater than a.

Also, if hm f(z) = L, we say that the limit of f(x) as x

approaches a fmm the left is L, or that L 1is the left side limit of
f(z) as x approaches a. The symbol x — a~ 1s used to indicate
that = is restricted to values less than a.

Example 3.6 Let f(x) = |x|. Find

a. lim f(z)
b. lim f(x).

z—0~
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Solution

First, we rewrite f(x) = |z| as

f(:zs)—{x of x>0,

—x 1f x<0.
Then, we evaluate the limits as follows

a. lim f(z)= lim z =0.

x—0*t xz—0t
b. lirgl_ flz) = 111’61_(—5) = 0.

3.5 Relationship between one-sided limits and
two-sided limits.

The limit of a function i.e. lim f(z) = L if and only if both

lim f(z) =L and lim f(x) s

Tr—a

FExample 3.7 Evaluate

.|z —8|
lim )
=8 T — 8§
Solution
— 8
We rewrite lim 2 | as
=8 I —
—8
z S of x>0,
fla) = x__g
B ) TR
r—38
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Therefore
8 _
lim [z — 8| =1lim1=1, and lim z =8| = lim (—1) = -1
a8t T — 8 z—8+ z—=8~ T — 8 T—8~
—8 -8 -8
Since lim =~ 8| % lim - ‘, the lim v~ 8 does not exist.
=8t r — & =8~ I — =8 I —

3.6 The Sandwich (Squeeze) Theorem

Suppose that f,qg and h are functions with

f(z) < g(x) < h(z),
for each x # a in an open interval containing a. If

lim f(z) =L and lim h(z) =L,

Tr—a

then lim g(z) = L.

T—a
Example 3.8 Use the sandwich (squeeze) theorem to evaluate
2
. xcosx
lim .
x—0 xz + 1

Solution

Since —1 < cosx <1 for all x

— 2 r?cosx x

224+1" 2241 — 2241

2

However,

—372 LC2

}g%:ﬁ—kl =0 and £1£>%x2+1 =

0,

so by the sandwich theorem, we obtain

2
I~ COST
pu— 0_

lim
z—0 {]32 + 1
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3.7 Continuity

The common usage of continuous signifies behaviour without
break. The term continuous is used in calculus to describe func-
tions whose graphs have this type of behaviour. Consider the

following graphs
X X
.
T

~

Figure 3.2: Examples of not continuous (discontinuous) functions: (a). Holes
(b). Jumps and (c). Vertical asymptotes.

Definition 3.1 A function f is continuous at a if
i. f(a) exists, that is a is in the domain of f;
i, lim,_,, f(x) exists; and

dii. lim, ., f(x) = f(a).

If a function is not continuous at a, then f is said to be discon-
tinuous at a.

. -4
Example 3.9 Determine whether f(r) = ———— is con-

_ x? —3x + 2
tinuous at a = 2.

Solution
From the first definition of continuity, we have

22 — 4 0
)= "2 _ 7
/@) 22-6+2 0
Thus f(2) is undefined and therefore f(x) is not continuous at
a=2.
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Example 3.10 Find the constant c that will make

fx) =

continuous at x = 1.

Solution
2
. oxt—1 .
lim = lim
z—=1 ¢ — 1 z—1

But for f(x) to be continuous, we need lirr% flx) =

Therefore ¢ = 2.

3.8 Exercises

=
c vf
(x+1)(z—1)

(e —1)

x # 1,

r =1,

= lim(z + 1) = 2.

r—1

Tr—r

Students must endeavour to solve all exercises.

1. Find the following limaits, if they exist.

.

1.

100

2.

vi. 1

y xt—1

im 7
e UV Vil.
. 2—cos3x — cosdx
lim V121,
z—0 x

. x—8 .
lim 1.

=8 3 — 2

7_2

lim ——

701 — cos® T
—1

i E1% = 1

z—=1 1 —1

1 — cos 460

Py 1 — cos 66

Tl.

1.

lim

f(1)

V2+t-v2

t—0 t

lim sin(sin )
z—0 x

. 22— 3w
lim ———
z—1.5 ’237 — 3|
. sin 6
im—
6—0 ) — tan 6

o1

2.
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. 1l—cosz zv. lim |10 — 327
119, lim ——— 24
z—0 T T
zvi. im
x?> — 3sinx . 1
. lm —mm cos|am— 7
z—0 s
2. Given .
) r < —2,
T+ 2
fl@)=92"5  —2<us<3
ve+13, = > 3.
Find
P lim f(z) i lim, f(z)
w lim f(z) w lim f(x)
3. 1If

—r—2 if x< -1
flz)=<=x if —l<az<l1
2> —2x if x>1

determine whether or not lim,_, _; f(x) and lim,_,, f(x) ex-
18t.

4. Find the derivative of f(x) = ax® + bx + ¢, where a,b and
¢ are none-zero constant, by limit definition.

5. Find the derivative of the following functions by first prin-
ciple.

(a) f(z) = (z—1)(z —2)
4t
(b) f(t) = P

(c) f(x) =sinzx

h h) —
Hint: sin(z+h)—sinx = 2 cos (W) sin (W)
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10.

11.

12.

(d) f(x) = tan(ax + b)
For what value of the constant c is the function
T +c of x#2
f(w) = {cx:r—l— 1 z; x 7: 2
continuous at every number.
f(z) < x? —|—2x+2'
2 - 2

If lim f(z) =4, evaluate lim \/ f(x) + 3.

Find the value of a so that lim,_,, f(x) exist when

f(x)—{3x+5’ <1

2c +a, x>1

1
Find the lim if: 3 <

r——1

V12— —=x
V6+3-3"°

FEvaluate the following limaits.

FEvaluate lim,,_,5

) 1+ cos2x
(a) lim
r—— 5(71— - 233)
_ T+ 2sinx
(b) lim

=0 /22 1 2sing + 1 — sin?z —x + 1
For what value of a and b will

x?—A4

x_23 =
fz) = ar®? —br+3; 2<ax<3,

2x — a + b; x >3,

be continuous at R.
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Chapter 4

THE DERIVATIVE OF A
FUNCTION

We all know how to find the slope of a straight line. You simply
divide the change wn y by the change in x. This is commonly
known as the rate of change. Slopes of linear equations are
constant across the entire line. However, if we consider a curve,
there won’t be a constant slope for the entire function. In such
instances, we seek to find an equation that we can use to give us
the slope of a line tangent to the curve at any given value of x.
Using this equation gives us the instantaneous rate of change or
the slope at a specific point on the curve.

Definition 4.1 The derwative of a function is a function f'
defined by

Example 4.1 Use the definition of the derivative to find f'(x)
if f(z) = 4z — 2.

Solution
oy . flea+h)=f(x) . 4x+h)-2— (4 —-2)
i
_ b2 mded 2 AR
h—0 h h—0 h h—0

95
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1
Ezxzample 4.2 Using the first principle, find f'(x) if f(z) = —.
x

Solution
1 B 1
b (x+h)? 22 | 2P —a*—2xh—h°
fw) = lin h R TSRS
22 — (z + h)? —h(2x + h) —2x —h

= lim =lm-——-—-==lm——
-0 z2(x + h)*h  h>0x%(x 4+ h)2h -0 2% (x4 h)?
—2r =2

]

The notation for the deriwative can also assume different forms.
Common alternative notations for f'(x) are

d

Also, when f is defined by y = f(x), it is also common to use

d
d_y and y' to denote the derivative.
x

4.1 Rules for differentiation

4.1.1 The derivative of a constant function
If f(z) = ¢, where ¢ is a constant, then f'(z) = 0.
Example 4.3 Find f'(x) if f(x) = 200m~.

4.1.2 The Power Rule

If f(x) = 2", where n is any real number, then
f'(x) = nx" " (4.2)

Example 4.4 If f(x) =2°, find f'(x).
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Solution
By the power rule f'(x) = ba*.
Example 4.5 If f(x) =z, find f'(x).

Solution

First, we rewrite the function f(x) = /x = 22, Then, we have

f/(ZL') _ 1$1/2—1 _ lx—l/Q.

2 2
1
Example 4.6 If f(z) = T find f'(z).
Solution
1
We rewrite the function as follows f(x) = 7 = 273, Then,
x
we have

4.1.3 The Sum Rule
If f and g are differentiable at x, then

L) £ o) = L) E o). (43)

Example 4.7 Find f'(z) if f(x) =2"+ /x.

Solution

Firstly, we apply the sum rule (4.3) then followed by the power
rule (4.2) as follows

d o d _d oy d1/2_61—1/2
dxf(a:)—dx[x +\/5]—dx[:v]+dx[a: | =Tx +2:C .
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Remark 4.1 If f is differentiable at x, then for any constant
C?

d d
~fef ()] = (2]

Example 4.8 Find f'(z) for the following functions.
1. f(x) =4x°

Solution

Using Remark 4.1, we obtain

d d
%[4365] = 4%[335] = 4[5z'] = 202"

2. f(x) = 3/x + bx?

Solution

We proceed as follows
d o d 1/2 d 2
@[3V + 507 = L (3(a%) 4+ - (5(a)

1 3
=3 [5951/2 +5(2)r = 53;—1/2 + 10z

4.1.4 The Product Rule
If f s differentiable at x, then
d d d
L @)g@)) = @) lo)) + gl@) @) (44)

d
Example 4.9 Calculate d—y ify=(2*+2x—1)2z +4).
x



4.1. RULES FOR DIFFERENTIATION 29

Solution

d
= (@ o —1)(2) + 20+ 420+ 1) = 62° 4+ 120+ 2.
T

The Quotient Rule

If f and g is differentiable at © and g(x) # 0, then

d d
d [ () g(x)%f(ﬂf) - f(f)%g(x)
& !g@c)] - P B
Example 4.10 Find f'(z), if f(x) = %j_;l.
Solution
oy dat+2r -1
f'@) dv| 32245
_ (322 + 5)%(374 +2x—1)— (2" + 2z — 1)%(33}2 +5)
[322 4 5)?
~ (32* +5)(42’ 4+ 2) — (2 + 22 — 1)(6x)
[322 4 5]2 '

4.1.5 Differentiation of trigonometric functions
Theorem 4.2 For any real number x,

d
—[sinz] = d — = —sinz. 4.6
o [sinz] =cosz an » [cos 7 sin x (4.6)

Example 4.11 Let f(x) = zsinz — cosx. Find f'(x).
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Solution

Using the sum rule (4.3), product rule (4.4) and the trigonomet-
ric differentiation rule (4.6), we have

d. . d. . d
—|[xsinx — cosz] = —[xsinx] — —[cos x|
T T T
ina] + sin o7 {s] - +fcosa]
= x—|sin inr—I[zr] — —
z—[sinz] +sinz——[z] — ——cos

—=xcosx +sinx +sinxr =zxcosx + 2sinzx.

x?+ 2

. ody
FE l .12 Find = = —,
rampse 4 m d.fl? ny 1—|—Sin$

Solution

d d
dy (1+Sinx)%(:c2—|—2) — (x2—|—2)%(1—|—sinx)

dr [1 + sin x]?
(1 +sinx)(2z) — (2% + 2)(cos )
[1 + sin z]?
_ 2x+2zxsiny — 2’ cosx — 2cosx
B [1 + sin z]?

Theorem 4.3 For each real number x, for which the functions
are defined:

1. —tanz = sec’x 3. —cotx = —csc’x
dx dx
d d
2. —secxr =secxrtanz 4. — cscx = —cscx cot x.
x dx
tanx

Example 4.13 Find f'(x) if f(z) = 1T 250
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Solution

d

f(z) =

1+ 2secx

tan ]

d d
(1+ 2sec x)%(tana:) — tanx%(l + 2secx)

(1 + 2secx)?
(14 2secx)(sec’ ) — tan x(2sec x tan x)
(1 + 2secx)?

Example 4.14 Find the derivative of f(x) = cotx.

Solution
d 1 COS T
f/(:]j) = — f— -
dx \ tanz sin x
in - (cos ) 2 (sina)
sinz—(cosx) — cos x—(sin
_ dx dx
sin’ z
—sin®z — cos’x 1 )
— ) = — S = — (CSC @I.
sin“ x sin2x

4.1.6 The Chain Rule (Composite functions)

If f is differentiable at x and f is differentiable at g(x), then
f(g(x)) is differentiable at x and

%[ Flg()] = f'(g(2))g'(x) = %[(f o g)(z)]

An easy way to remember the chain rule is to suppose that u =
g(x) and y = f(u) then

dy dy y du

de  du~ dz’
Example 4.15 Differentiate y = (z* + x)7.
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Solution
) du 5. dy
Let u = x* 4+ z, then — = 2x + 1. Thus y = u™° yields —— =
dx du
—5u~S. Therefore,
d d d
% = d_lyb X % = —5u %2z + 1) = —5(2* + 2)°(2z + 1).
dy
Example 4.16 Find o if y = sin’ x.
x
Solution
d
Let w = sinx then y = u°. This yields 2 cosz and d—y =
x u

5u* = 5sin® 2. Thus

d d d
@ _ Y9 X o bsintx cos .

de  du~ dx

d
Example 4.17 Find d_y if y = tan(3z% + 1).
T

Solution

Let uw = 32> + 1 then y = tanu. Therefore,

du dy 2 2 2
i = = 1).
. 6x, and 7, = SeC U = sec (3z°+ 1)
Thus
d d d
% = d_z X d—Z = sec’(3z% 4+ 1)(6x).
Alternatively,

d d
% = sec?(3z% + 1)% (3552 + 1) = 6 sec’(3x + 1).
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4.1.7 The General Power Rule

The general power rule is a special case of the chain rule. It is
useful when finding the derivative of a function that is raised to
the n-th power. The general power rule states that this derivative
is n times the function raised to the (n — 1)-th power times the
derivative of the function.

L) = alf @) (a) (4.7

Example 4.18 Find y' if y = cos®(x* + 1).

Solution

Using the general power rule (4.7), we have

d
y = 3cos’(x* + 1)%[003(1‘2 +1)]

= 3cos*(z® + 1)[—sin(a® + 1)(22)]
= —6cos*(z* + 1) sin(z” + 1).

4.2 Implicit Differentiation

The functions that we have met so far can be described by ex-
pressing one variable explicitly be described in terms of another
variable- for example, y = vx3+ 1 or y = xsinx, or in gen-
eral y = f(x). Some functions, however, are defined implicitly
by a relation between x and y such as x*+y* = 25 orsin(zy) = 4.

Fortunately, we don’t need to solve an equation for y in terms
of x in order to find the derivative of y. Instead, we can use the
method of implicit differentiation. This consists of differentiat-
ing both sides of the equation with respect to x and then solving
the resulting equation for v’

d
Example 4.19 Use implicit differentiation to find d_y if xy* +
x
6y +x = 0.
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Solution

lag? 46y +a] = {0
y?2xyy + 6y +1=0
y'[2zy + 6] = —1 — 3
-1 _y2
T 27y + 6

/

Y

Example 4.20 Find y' if cos(zy) + sinx = 1.

Solution

% [cos(xy) + sin CL‘] = %[1]

—sin(zy)y + zy'] + cosx =0
, ysin(zy) —cosx  cosx — ysin(xy)

—zsin(zy) x sin(zy)

4.3 Differentiation of the Natural Exponen-
tial Function

Rule 1

Rule 2
If g(x) is differentiable, then

% 5] = g/(x)er

d 2
Example 4.21 Find d—y ify=e".
x
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Solution

dy _ d
dr  dz

Example 4.22 If y = exp”sin(2z) + €7, find y'.

2 2
= 2xe” .

T

27

Solution

COS T

Y = e”sin(2z) + €* cos(22)(2) — sinzwe

4.4 Differentiation of the Natural Logarith-
mic Function

Rule 1
1
i[ln x] = —
T x
Rule 2
If g(x) is differentiable at x, then
d g'(x)
)| —
gt = 22

Example 4.23 1. Findy' if y = In(sinx).

Solution

/ % sinz]  Log
y = - = — = cot x.
sin x sinx

2. Findy if y = sin(x? + 1) Inz + In(42® + 3).
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Solution
! 1‘(2+1)+1 (2% 4+ 1)(2z) + 1227
= —sin(x nxcos(x T i
Y T 43 + 3

4.5 Differentiation of (General Exponential and
Logarithmic Functions

Rule 1
Let y = a”, then i
y = 61na — emlna.
This 1mplies
y = lnae™™,
and finally,
y' = (Ina)a”.

d
Example 4.24 Find d—y ify = 4°.
xr

Solution
y' = In4(4%).
Rule 2
d g(x . .
d—[ag("’“‘)] = [Ina)[a?@]g(z) i.e. e = es@ma jmplies
T

g'(z)In qed@me — [In a) [ag(x)]g’(a:).
Example 4.25 Find y' if y = 6%,

Solution
y = (In6)6""* cos z.
Example 4.26 Find y if y = (22 + 1) 4 10°+1,
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Solution
y' =10(z* + 1)°(2z) + (In10)10"+(22)
— 20z(z% + 1)? + (In10)10* *'(2x)
Rule 3
Let
y=log,x then a’=uz.
Therefore,
1
Ina =Inx then y= L
Ina
This implies
dy 1
der xzlna’
Example 4.27 Find y' if y = log, x.
Solution
, 1
v = rin4
Rule 4
Let p | J
Y
y =log, lg(x)| then —= = ——=———[g(z)].

dzr ~ g(z)Inadx
Example 4.28 Find f'(x) if f(z) =log/(2z + 5)2.

Solution
2
f(z) = log(2z + 5)** = 3 log |2z + 5.
Thus,
2 1 4
/ = - 2 — .
F@) =3 o™ = G x5y mio
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4.6 Logarithmic Differentiation

This method is used to differentiate functions of the form f(z)9@.
Example 4.29 Find y' if y = 3°.

Solution

If y = 3%, then Iny = In 3".

Iny=xIn3
1

—y' ' =1In3
Y

y' =1n3y = In3(3").

Example 4.30 Find y' if y = x®"°.

Solution

If lny = Inz*™*

—y' = cosxInz + sinz(—)
T

Y
! [ <1> : ] sinx
Yy = |cosxlnz + [ — | sinx|2™”.
x

4.7 Higher Order Derivatives

The derwative of a function f leads to another function f' if f'
has a deriwative, it is denoted by f” and is called the second
derivative of f. Also, the third deriwative f" of f is the
derivative of the second derivative.

If y = f(x), then the first n derivatives are denoted by
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If the differential notation is used, we write

dy &y &y dy
de’ dx? dx3’ ' dxn

Ezxample 4.31 Given 2z + 2yy = 0, show that y"y*> +1 = 0.

Solution

x
The first derivative is y = ——. Then,
Yy

> y?
oyt 2ty
-

B y2—|-x2_ 1
Y.y Yy’

4.8 Tangents and Normal

Tangent

A tangent to a curve is a line that touches the curve at one
point and has the same slope as the curve at that point, see, e.g.
Figure 4.1.

Consider the tangent to the curve y = f(x) at A(xy,y1). Then
gradient of tangent= f'(x1). The equation of tangent is given by

y—y = f(z)(z —m). (4.8)

Example 4.32 Find the equation of the tangent at (1,2) on the
curve y = x* + 4x — 3.
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Tangent

Figure 4.1: Ilustation of tangent line.

Solution

Lety' = 2x+4, then the gradient of the tangent at (1,2) is given

by
F(1)=2(1)+4=6.

The equation of the tangent is

y—2=6(x—1) hence y=6zx—4.

Normal

A normal to a curve is a line perpendicular to a tangent to the
curve, see e.q. Figure 4.2.

Normal Tangent
OTTIA I/ |
- y=flz)
(1, )

Figure 4.2: Illustration of normal line.

Consider the normal to the curve y = f(x) at point A(zy,y,).
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The gradient of normal = — Thus, the equation of the

1
()

normal 1s

Example 4.33 Find the equation of the normal at A(1,2) on
the curve f(x) = x* 4+ 4x — 3.

Solution
Let f'(x) = 2x + 4, then the gradient of the normal at A(1,2) is

given by — = ——. Thus, the equation of the normal is

2(1)+4 6

1
y—2= —6(56 — 1), therefore x+ 6y = 13.

4.9 Local extrema of functions

Figure 4.3: Hlustration of local extrema of a function.

Consider Figure 4.3. For the function whose graph is shown
. Figure 4.3, the local maxima occurs at [y and l3, whereas the
local minima occurs at ly and 1.
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Definition 4.2 (local extrema) Let ¢ € (a,b), then the funtion
f at the c has the following extrema;

1. f(c) is a local mazimum of f if f(x) < f(c), Vz € (a,b).
2. f(c) is a local manimum of f if f(x) > f(c), Vz € (a,b).

Definition 4.3 (Critical number) A number ¢ in the domain
of a function f is a critical number of f if either f'(c) = 0 or
f'(¢) does not exist.

Example 4.34 Find the critical numbers of f(x) = x'/3(8 —x).

Solution

First, we determine the derivative of f,

1
f(w) = (8 = ) — o
_ 8 - ZL’ . 1/3
3332/3
8—x—3xr 8 —A4x

32/3 o 3x2/3

For the critical number, we set f'(x) = 0. This yields
8§—4xr =0 and z=2.

Also f'(z) is undefined at x = 0. Hence the critical numbers are
0 and 2.

4.9.1 Increasing and Decreasing functions

Let f be a function that is continuous on a closed interval [a, b]
and differentiable on the open interval (a,b).

1. if f'(x) > 0 on (a,b), then f is increasing on |a,b].

2. if f'(x) <0 on (a,b), then f is decreasing on [a, b].
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4.9.2 The First Derivative test

Suppose ¢ is a critical number of a function f and (a,b) is an
open interval containing c. Suppose further that f is differen-
tiable on (a,b), except possibly at c.

1 if )
then f(c

>

)

2.4f fl(x) <0 fora <z <cand f'(r) >0 forc <z <b,
then f(c) is a local minimum of f.

0 fora <z <cand f'(x) <0 forc <z <b,
1 a local maximum of f.

3. 4f f'(x) >0 or f'(x) <0 for al x € (a,b) except v = ¢, then
f(c) is not a local extremum of f.

Example 4.35 Find the local mazima and minima of f if f(z) =
x'/3(8 — x). State the intervals over which f is increasing and
decreasing.

Solution

For critical values, f'(x) = 0.

1
fllw) = 3a7(8 — ) + 2V(-1)
_8—x 1
T 3223 3
8—x—3x 8—4x

32/3 o 3x2/3

For the critical number, we set f'(x) = 0. This yields

8—4xr =0 and z=2.

Also f'(z) is undefined at x = 0. Hence the critical numbers are
0 and 2.

Interval (-00,0) | (0,2) ] (2,00)

Sign of (8-4z) -
Sign of 33
Sign of f'(x)

Direction

_/_

hY

N+ + [+
N+ + [+
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Thus f(x) has a local mazimum at x = 0 and its value is
f(2) =238 —2) = 2Y%6 = 7.6,

f(x) is increasing on (—oo,0)J(0,2) and decreasing on (2, 00).

4.9.3 Absolute minima and maxima(Extrema on a closed
interval)

Definition 4.4 Let a function f be defined on an interval I
and let ¢ be a number in I.

1. f(c) is the maximum value of f on I if f(z) < f(c) for
every x in 1.

2. f(c) is the minimum value of f on I if f(x) > f(c) for

every x in 1.

Steps for finding absolute extrema

(1). Find all the critical numbers of f.

(2). Calculate f(c) for each critical number c.
(3). Calculate f(a) and f(b).

(4). The absolute mazimum and minimum of f on [a,b] are the

largest and smallest of the functional values calculated in
(2) and (3).

Example 4.36 If f(x) = 2* — 12z, find the absolute mazimum
and minimum values of f on the closed interval [—3, 5.

Solution

For critical values, f'(x) = 0.

3x2—12=0 thus x2*=4. Hence z = +2.
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Thus, we solve for the functional values at the critical points and
the end points of the interval.

f(=2) = (=2)° —12( 2):—8+24—16
f(2) = (2)° —12(2) =8 — 24 = —16,
(—

f(=3) = (=3)" - 12 )
£(5) =5 — 12(5) = 65.

Thus the absolute maximum is f(5) = 65 and the absolute min-
imum is f(2) = —16.

4.10 Concavity and the Second Derivative test

Downward Concavity
Upward Concavity

Plc, flc))

Plc, fle)) ./

- EE I — — — — — — = =

R ——— 1

C ! r

Figure 4.4: Illustration for Upward (left) and Downward (right) concavity.

4.10.1 Test for Concavity

Suppose a function f is differentiable on an open interval con-
taining c, and f"(c) exists.

1. if f"(c) > 0 on (a,b), the graph is concave upward on (a,b).
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2.if f"(¢) < 0 on (a,b), the graph is concave downward on
(a,b).

Definition 4.5 (Point of Inflection) A point P(k, f(k)) on the
graph of a function f s a point of inflection if there exists an
open interval (a,b) containing k such that one of the following
statements holds.

1 f"(x) >0 ifa<x<kand f"(x) <0 if k <z <b; or
2. f'(x) <0ifa<zx<kand f"(x) >0 ifk<x <b
Then the point P(k, f(k)) is an inflection point.

T Pol

I-'UI:. |:: I‘:'
7

s

Figure 4.5: Illustration for Point of Inflection (POI).

4.10.2 The Second Derivative Test

Suppose a function f s differentiable on an open interval con-
taining ¢ and f'(c) =0

1. if f"(c) <0, then f has a local mazimum at c.

2. if f"(c) > 0, then [ has a local minimum at c.
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Example 4.37 If f(x) = 12+ 22% — *, use the second deriva-
tive test to find the local maxima and minima of f. Discuss
concavity, find the points of inflection.

Solution
For the crtical values f'(z) = 0. The first derivative is given by
f'(x) = 4o — 42°

4r — 42> =0 therefore 4x(1 —2°) =0,
r=0,1 and —1.

Next, we determine the second derivative, i.e. f"(x) = 4— 1222
Thus,

f'(0)=4>0 and f'(1)=-8<0.
Thus

o f has a local maximum at x = 1 and also, f"(—1) = -8 <0
—> f has a local minimum at x = 0.

To locate the possible points of inflection, we solve the equa-
tion f"(x) = 0.

4 — 1222 = 0.

1 1
Therefore x2:§. Hence =4 3

We have the following results.

i. Let —1¢€ (— 0, —\/§>, f"(=1) = =8 < 0 concave down-

ward.
1. Let (€ < \/g, \/§> , ["(0) =4 >0, concave upward.

iii. Let 1€ <\/g, oo),f”(l) = —8 < 0 concave downward.
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Finally, we determine the regions of concavity as follows.

e f is concave downward on the interval (—oo, — %) U <\/§, oo)

and
e f is concave upward on the interval (— \/g, \/§>
Hence f has inflection points occurring at x = —\/g and x =

113

\/g. Thus, we have f( — \/g> = % and f( %) 5 This
1 113 1 113
means the inflection points are < \/;, 7) and <\/§’ T)

4.11 Optimization Problems

4.11.1 Steps In Solving Optimization Problems
. Understand the problem.

1. Draw a diagram.

115. Introduce notation. e.g. A = xy.

iv. Change the function to be optimized (minimized or maxi-
mized) to a function of one variable.

v. Find the appropriate extrema.

Example 4.38 A farmer has 2400ft of fencing and want to
fence off a rectangular field that borders a straight river. What
are the dimensions of the field that has the largest area?
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)

Figure 4.6: Hlustration of the Example 4.38

Solution

Let x and y denote the sides of the rectangle as shown above.
Thus, Area of rectangular field (A) = xy. But

2x +y = 2400 thus y = 2400 — 2.
A = (2400 — 2x) = 2400z — 22°.

Note that x > 0 and x < 1200, otherwise A < 0. So the function
that we wish to maximize 1is

A = 2400z — 22°, 0 <z <1200,
A" = 2400 — 4z.
For critical numbers, A’ =0

2400 — 4z =0

24
4o = 2400 and zx = % = 600.

The mazimum value of A must occur either at this critical num-
ber or at an endpoint of the interval. Since,

A(600) = 720,000ft> A(0) =0 and A(1,200) = 0.
Thus, the mazimum occurs at x = 600 ft. This yields
y = 2400 — 2(600) = 1200 f¢.
Therefore, the dimension are x = 600ft and x = 1,200 ft.
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Example 4.39 A right circular cylinder is inscribed in a sphere
of radius R. If the height of the circular cylinder is 2x, express
its volume in terms of x and R. Find the maximum value of this
volume as x varies.

Solution

Let O denote the centre of the sphere and let r denote the base
radius of the cylinder, see Figure 4.7.

| i) T

Figure 4.7: Hlustration of the Example 4.39.
The volume of the cylinder is given by
V = nr?(2x),
but r* = R* — 2.

V =n(R* - 2%)(27) = 27(R?x — 2%).
For critical numbers, e 0. Therefore,
x

av.

- = 2m(R* — 327)
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2m(R* = 32*) =0 and z=

5

Next, the second derivative is given by

d*V
R
Thus, if v = —. Then,
NG
2
@V = —127r£ < 0.

da? V3

Therefore, V' attains maximum at x = The mazximum is

R
Nl

o j;gg)] (%)

= 27
3v/3

) [ 2R3 ATR?  4/3TR®
o T pr— — .
_3\/3 3\/§ 9

4.11.2 Related Rates

The feature common to these applications is that the derivative
dives the instantaneous rate of change of one quantity with re-
spect to another. Suppose y is described by a function of x and
t is a time variable on which both x and y depend. Problems of
x d
related rates tnvolve the relationship between — and —y

dt dt

Example 4.40 Air is being bumped into a spherical balloon so
that its volume increases at a rate of 100cm?/s. How fasts is the
radius of the balloon increasing when the diameter is 50cm ?
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Solution

Let V' denote the volume of the balloon and r its radius. Then

av
prli 100cm?/s and r = 25c¢m. But the volume is given by
4
V = —nrd.
37"
av-dv dr Ly dr
— = — — =Aart. —.
dt dr dt dt
d 1 av 1 1
_T — . — . 100 = —.
dt  4mr? dt 4w(25)? 251
4.12 Exercises
1. Find the derwwative of the following functions;
iy = 1007 vidi. y = cos z[In z]e® x”
ii. y = e* csc(bx + c¢) oL btana
z r.y=In| ———
i, y = 5T S0 o= btana
xsinx ot N
iv. y = log (312 + 2)° z. y = (tan )" 4 (sec z)
v. y = In(secz + tan x) zi. y = In(z™* + sin™* z)
vi. y = exp(v/cot ) B (422 — 1)(1 + z?)2
g T Y = - .
vii. y = In[cos(In x)*] r3(x — 7)1
v d 2
2. If y=2a" | prove that oY
de 1—ylnz
d ? cot
3. Show that &y _ y <o x ,
dr 1 —yln(sinx)
if y = (sin x)(sm"”)(smx)

4. If y = \/lnx+\/lnx+m;

dy 1

show that —= =

de  x(2y—1)
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10.

11.

12.

13.

1.

15.

16.
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dy Inx
If ¥ = exp(x — y), prove that i m

. dy

Find == at (0.1
ml da:za(’)
(5]

ey
Find the second derivative of the following functions;

sin(2z—2) cos?y __ 1

—lnx+y=e

(a) y = cos(Inx)

(b)y=a*

(c) y=a"x"

If 23 —y® = 1, show that y*y" +2x =0

Find the equation of the tangent and normal line to the
graph of x* —xIny +y* = 2x + 5 at the point where x = 2.

T

Find the equation of tangent and normal to f(x) = 1n()
when x = e.

Find the smallest possible value of the consatnt k such that
the graphs of y = €* and y = ksinx are tangent to one
another. Find also the point of tangency.

For what nonnegative value(s) of b is the line
Z/:I—le—l-b narmaltoy:x3+%?

Find the value of k, where k 1s a constant, such that the
graph of y = k¥ and y = logkx will be tangent to one
another. Find the point of tangency.

A certain point(s) (a,b) is on the graph of
y = x*+ 22 — 92 — 9, and the tangent line to the graph at
(a,b) passes through the point (4,—1). Find (a,b).

At what point(s) of the graph of y = x°+4x—3 does the tan-
gent line to the graph also pass through the point B(0,1)?

If the line 4x — 9y = 0 s tangent in the first quadrant to
the graph of y = %x + ¢, what is the value of c¢?
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17.

18.

19.

20.

21.
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If y = ze® — e* — 222, determine any relative mazimum or
minimum values. Is there an absolute minimum or maxi-
mum value?

Suppose h = ™' —In(t*—1). (t in seconds and h in metres)

i. When is the velocity equal to zero?
i1. Is this a maximum or minimum height?
1. Find the acceleration.

w. Is there a minimum velocity?
Given a function f(z) = 23 (4 — z)

(a) Find the critical numbers.
(b) Find interval of decrease and/or increase of f

(c) Find the local extrema if there are.

find the critical numbers of f(z) = (x —1)5 and determine
whether they yield relative extrema or inflection points.

Find the absolute extrema of the following functions on
their respective interval.

(a) f(x) =sinx + x on|0, 27].

2 + 5
(b) f(z) = =1

(¢c) f(x) =cos*x +sinz on [0, 7]
(d)

on [—5,—3].

f(x){x?)% for 0<zx<1

©?+x—35 for 1<xz<2

22. A rectangular box with an open top is to be constructed from

a rectangular sheet of cardboard measuring 20cm by 12cm

by cutting equal squares of side length x cm out of the four
corners and folding the flaps up.

(a) Express the volume as a function of x.
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(b) Determine the dimensions of the box with greatest vol-
ume and give this mazimum volume to the nearest whole
number.

23. On a warm day in a garden, water in a bird bath evaporates

2.

2.

n such a way that the volume, VmL, at time t hours is
60t + 2 L0

3t

gen by V =

(a) Show that % <0

(b) At what rate is the water evaporating after 2 hours?

The new owner of an apartment want to install a window in
the shape of a rectangle surmounted by a semicircle in or-
der to allow more light into the apartment. The owner has
336¢cm of wood for a surround to the window and wants to
determine the dimensions that will allow as much light into
the apartment as possible. Given the radius of the semicir-
cle to be x cm and height to be h cm;

(a) Show that the area A, in cm?, of the window is A =
336z — (4 + m)2”.

(b) Hence determine, to the nearest cm, the width and the
height of the window for which the area is greatest.

(¢) Structural problems require that the width of the window
should not exceed 84cm. What should the new dimen-
sions of the window be for maximum area?

The total surface area of a closed cylinder is 200cm?. If the
base radius 1s r ¢cm and the height is h cm:

(a) Express h in terms of r.

(b) Show that the volume, Vem?, is V = 100r — mr?

(¢) Hence show that for a minimum volume, the height
must equal the diameter of the base.

(d) Calculate, correct to the nearest integer, the minimum
volume if 2 <r <4,
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20.

217.

28.

29.

30.

CHAPTER 4. THE DERIVATIVE OF A FUNCTION

A right circular cone is inscribed in a sphere of radius Tecm.
If r and h are the radius and height respectively,

(a) Show that the volume Vem?® of the cone satisfies the
relationship V = 1(14h* — h®*)7.

(b) Hence, obtain the exact values of v and h for which the
volume is greatest, justifying your answer.

A container in the shape of an inverted right cone of radius
2em and depth Sem is being filled with water. When the
depth of water is hem, the radius of the water level is rem.

(a) Ezxpress the volume of the water as a function of h

(b) At what rate, with respect to the depth of water, is the
volume of water changing, when its depth is lem?

A cylinderical tank of radius 10feet is being filled with
wheat at the rate of 314 cubic feet per minute. How fast
is the depth of the wheat increasing?

A b5 — foot girl is walking toward a 20 — foot lamppost t
the rate of 6 feet per second. How fast is the tip of her
shadow(cast by the lamp) moving?

A rocket is shot vertically upward with an initial velocity
of 400cm per second. Its height s after t seconds is s =
400t — 16t>. How fast is the distance changing from the
rocket to an observer on the ground 1800cm away from the
laundering site, when the rocket is still rising and s 2400cm
above the ground?



Chapter 5
ANTIDERIVATIVES

Definition 5.1 A function F' is an antiderivative of the func-
tion f if F'(x) = f(x). For example, the function F(x) = x?* is
an antiderivative of f(x) = 2x, because

F'(z) =2z = f(x).

There are many other antiderivatives of 2x, such as x*>+2, xQ—g

and 22 + /3. In general, if ¢ is any constant, then x> + ¢ is an
antiderivative of 2x because

d
d—(a:2—|—c):2x+0:2:13.
T

Thus there is a family of antiderivatives of 2x of the form F(x) =
x*+c, where c 1s any constant. The process of finding antideriva-
tives is called antidifferentiation.

5.1 Indefinite Integrals
The notation
/f(x)dx = F(z) +c,

where F'(x) = f(x) and c is an arbitrary constant, denotes the

family of all antiderivatives of f(z). The symbol “ [" is an in-
tegral sign. We call [ f(z)dz the indeifinite integral of f(x).

87
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The expression f(x) is called the integrand, and c is the con-
stant of integration. The process of finding F(x)+ ¢, when given
[ f(z)dx is referred to as indefinite integration.

Exzample 5.1 FEvaluate (i) [3x*dx and (ii). [ cosxdz.

Solution
(i). [3x*dx =2°+c.

(11). [ coszdr =sinz + c.

5.1.1 Some Basic Integration Functions

1./kdx:kx—l—c 6./csc2xdx:—cotx—|—c

n+1
2. /::r;”dx: ’ +c, n#£ T /secxtanxda::seca:+c
| n+1

) 8. /Csc:ccot rdx = — cscx+
3. /cosa:dx:smx—l—c /

4. /sinxd:c:—cos:c+c 9. /emdx:€$_|_c

1
5. /sechdx:tanx—Fc 10. /—dx:lnx+c
T

Example 5.2 Fvaluate

a. /:cgda: C. /Wd:c

1 ¢
b /—Bdaz d./ 2L
X secx

Solution

9
1. /x%xz%—kc
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-2

1 3 T 1
2./;(&2/ d:z:—_—2+c——2—x2+c

( 241 5/3
3. /\Vﬁd:ﬁ:/xz/?’dx: < 31

0T TS

3

tanx sinx
4./ dx:/cosx< )dxz/sinxda::cosx+c
sec x cos x

Remark 5.1

+c

/dx )dz = f(x) +c.

Example 5.3 Fuvaluate

Solution

/daz dr = 22 + c.

5.1.2 Properties of Indefinite Integral

1. /cf(x)da: = c/f(x)da:, for any non-zero constant c.

2 [ 1@+ 9@ = [ f(e)do & [ g(w)ds

1
Example 5.4 Fvaluate (a). /(5563 + 2cosz)dx (b). /(8x3 — 6T + ;)dm

Solution

a.

/(5:1:3+2czosx)dx = /Bxgdx+/2cosxda:
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= 5/x3dx+2/cosxdx
x? ,
5<Z> +2sinx + ¢

Sat _
= —+2sinx + c.
4
b.
3 1 3 1
(82° —6vx + —)dr = [ 82°dx — [ 6y/adr + | —dx
T x
8zt 6232 1 N
= — — c
4 g 22
1
o4 3/2
= 22" — 4z —ﬁ—l—c.
E le 5.5 Evaluat d b d
rample valuate (a). / x (b). /cosxcota: x
Solution
a.
(2% —1)? xt—222 4+ 1
1 3 1
=/x2—2+—2da:=x——2x———|—c.
T 3 T
b.

1 sinx
[ ——
cosx cot x COS* &

= /secxtanxdaz = secx + c.

5.2 The Definite Integral

The following is the basic tool for evaluating definite integrals.
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5.2.1 Fundamental Theorem of Calculus
If f is continuous at every point [a,b] and if F' is an antideriva-

tiwe of f on [a,b], then

L%@wx:F@—pmy

Some other common notations are

[ sz = ra)

b b

and /abf(x)dx = F(x)

a r=a

‘a’ 18 known as the lower limit of the integral and 'l is the upper
limit of integration.

Example 5.6 Evaluate

2

@y, 1.3
2

2
2 2 2

5.3 Change of Variables in Indefinite Inte-
grals

The basic integration formulas cannot be used directly to evaluate
integrals such as

/ Vox + Tdx or /cos Az dzx.

In this section, we shall develop a simple but powerful method
for changing the variable of integration so that these integrals
can be evaluated by the basic formulas.

Example 5.7 To illustrate the procedure, consider the indefi-
nite integral,

/\/5:L‘+7d::r;.
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1
Let uw = 5x + 7 and calculate du = bdx. This yields dx = gdu.

fﬁ;ﬁwz/;mw

1 / W2 = S e |
5) 5
2

= 1—5(5:1: + 732 4 c.

2
-1
Example 5.8 FEvaluate / @ f S 1 1) dz

Solution

Let w = 2 — 3z + 1, then
du = (32° — 3) dv = 3(2* — 1) du.

d
This implies ?u = (2* — 1)dx. Thus by substitution, we have

21 1
/ * d:z::—/u_Gdu
(2 —3x 4+ 1)8 3
1 u™

1
T35 T e ¢
1
T (@ =3z +1) e

Example 5.9 Fvaluate /0083 bz sin bx dx.

Solution

Let u = cos bz, then

1
du = (=5sinbz)dxr and — gdu = sin haxdzx.
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Thus, by substitution, we have

1
/C083 basin b dr = —5/u3du

u? cos? bx

1
o 4 20

eVe

NG

Inz

Example 5.10 FEvaluate (a). /
T

Solution

(a). Let u= \/x. Then

du = Ld:z: and 2du = Ldac.

2Vx Vv

" w—a [era
/\/E.T— /6 u

— 2% + ¢ = 2eV" + ¢

(b). Let u=1Inx. Then

1
du = —dzx.
T

Therefore, by substitution, we have

1
/—nxdx:/udu
T

o ~ (Inu)? _ (In(Inz))?
—E—FC— 5 +C—T+C.

Example 5.11 Evaluate / cos4x dx.

dx and (b). /—dx.

93
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Solution

Let uw = 4x. Then
1
du =4dx and dx = Zdu

Thus, by substitution, we have

1
/cos4a:dx: Z/cosudu

1
:Zsinu+c=zsin4m+c.

Example 5.12 Evaluate /(2%3 + 1) 2% dx

Solution
Let u =222+ 1. Then

1
du = 6x%dx  and édu = 2%dz.

Thus, by substitution, we have

1
/(23:3 + )2 dx = 6/u7 du

1 u8+
_ — ¢ — C
6 &
(2x3+1)8+
- ___~ +¢
48

Let us consider an example of definite integral with changing
variable.

10 3
—dx.
2 vVor—1

Example 5.13 Evaluate
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Solution

1
Let uw = bx —1, then du = bdx. This implies dx = gdu. If v =2,
then u =10 —1=9. If x = 10, then u = 50 — 1 = 49.

10 de 93 1d
_— — u
2V r — 9 u1/2 5%

49
/ —1/2 du
5

2u12|"
B S 1
u=9
6 6
e 49 1/2 = 6 1/2
% (49) ~ 2(6)




